Trapped, non-interacting bosons are systems for which fixed chemical potential and temperature are inequivalent to fixed particle number and energy in the large number limit. The latter is the relevant approximation to recent experiments, at least for low densities. Monte Carlo calculations show that such systems have no Bose-Einstein phase transitions but, nevertheless, exhibit a dramatic rise in the ground state occupancy as the energy is reduced. PACS numbers 03.75.Fi, 05.30.Jp, 05.40.+j, 05.70.Fh 
state is only metastable. At low T , substantial fluctuations in the lowest state occupancies will lead to large E fluctuations if N is fixed. Hence, in this regime, fixing T and fixing E are no longer approximately equivalent in the limit of large N.
In experiments with neutral alkali atoms in magneto-optical traps, great pains are taken to limit the exchange of individual atoms and energy with the exterior environment. While N is neither exactly known nor constant, the experiments are certainly not performed in diffusive equilibrium with a particle reservoir. Hence, a theoretical description at fixed N is closer to the experimental situation than one at fixed µ. There would be no theoretical obstacle to supplying a trap with a particle reservoir although a more practicable realization would be the large central region of a much larger trap. The region in question would be in diffusive and thermal equilibrium with its surroundings. The grand canonical description is precisely the appropriate one for densities within large systems defined in this way. Similarly, evaporative cooling gradually reduces E for the system by the escape of individual energetic particles. Thermal energy transfer back and forth with the environment is virtually nil. I will argue that fixing T would involve much larger fluctuations in E than actually take place in the carefully isolated current experiments.
In principle, the statistics of fixed N and E could be derived from the grand canonical partition function were it known with sufficient accuracy as a function of its complex arguments. (This possible avenue is not pursued here. I have as yet been unable to produce or find relevant formulae of sufficient accuracy, even for non-interacting particles.) Rather, I
report Monte Carlo calculations for ranges of N, T , and E.
At ultra-low T , where almost all of the trapped atoms are in the ground state (already achieved, e.g., by the Boulder group's "RF scalpel" [1] ), the statistical mechanics is simple once again. The ground state has negligible relative number fluctuations. However, it acts as a particle reservoir for all the excited states, whose occupancies, number fluctuations, and total energy fluctuations are not especially Bose-enhanced. These can then be adequately described by a T and µ. In fact, a simple relation exits between the expected total number of atoms in excited trap states, N e , and T which providing a practical, ultra-low temperature thermometry.
II. THE GRAND CANONICAL ENSEMBLE
The traditional analysis of non-interacting bosons [6] treats the single particle ground state explicitly and replaces sums over excited single particle states by integrals. This requires that the relevant sums be sufficiently smooth and the integrals converge sufficiently well as the energy goes to zero. The chemical potential, µ, is simply related to the expected ground state occupancy N 0 . The Bose-Einstein transition temperature, T c , is identified from below as the point at which the expected number of particles in excited states, N e , reaches the expected total number of particles, N . For the case of a three-dimensional, isotropic, harmonic potential, the following results are relatively easily obtained [7, 8] . 
because it potentially provides a way of measuring T by counting N e , e.g., in fluorescence.
III. CANONICAL ENSEMBLE: FIXED N AND T
Monte Carlo calculations of N 0 (T ) for a fixed total N give a rather different picture. 
IV. THE MONTE CARLO CALCULATION
The ensembles of N-particle states used to produce figure 1 were generated as follows.
For each N-particle state, N particles were successively assigned at random to energy levels of the three-dimensional isotropic harmonic trap. The relative probability for a particular energy eigenstate was updated after each successive random throw to be the Boltzmann factor times (n+1), where n is the number of particles already assigned to that single-particle state. This is just an algorithmic representation of the physical process of adding bosons one at a time and letting the system come to thermal equilibrium. Hence, it clearly reproduces Bose statistics because (n + 1) is precisely the Bose enhancement for the probability of a single particle transition into a state already containing n bosons. (The degeneracies of the isotropic harmonic potential greatly simplify the bookkeeping.)
The explicit realization of this algorithm was checked in three limits where the results can be calculated analytically. The case of T large but with the highest allowed energy level limited to be a relatively small number is equivalent to putting N bosons in a set of equally likely states. For modest numbers, this can be worked out by explicit enumeration, e.g., four particles and ten equally likely one-particle states. This was used to test the Bose statistics of the algorithm. Taking N = 1 should reproduce classical statistics for any T . Taking T sufficiently large relative to an N ≫ 1 should still reproduce classical statistics because all average occupations are much less than 1. These two cases test the thermal aspects of the calculation. Each of these cases could be realized by changing only the numerical values of one or two parameters in the Monte Carlo computer code. All such tests worked perfectly well relative to the sample sizes.
The curves presented in figure 1 are based on ensembles of at least 600 N-particle configurations for each of at least twelve temperatures for each of the three N's. Because of Bose statistics, the pointwise variances are larger than would be given by Poisson statistics.
Nevertheless, by comparing subsamples within the ensembles, I estimate that the fractional, pointwise errors in the curves are not greater than ±5%.
V. FIXED T VERSUS FIXED E
The canonical ensemble configurations have a distribution in energy for each fixed T .
Each such distribution can be characterized by a mean E and an RMS deviation ∆E. 
VI. SMALL ANGLE SCATTERING
The large Bose enhancement of small angle Rayleigh scattering or fluorescence depends on thermal two-level occupation correlations [9] which must be significantly different for the different statistical ensembles. The standard result of the grand canonical analysis, i.e.
for numbers N i,j in levels i and j, is necessarily quite wrong at fixed N if N 0 is a significant fraction of N. In that regime, fluctuations in N 0 simply cannot be that large. (Where would the particles come from?) Likewise, the 0, j reduced (subtracted) correlation (j = 0) must be strictly less than zero. These features are borne out by the Monte Carlo calculations and will be presented quantitatively in the context of small-angle light scattering elsewhere. [10] VII. DISCUSSION AND CONCLUSIONS
The inequivalence of the chemical potential versus fixed number descriptions of noninteracting bosons is regarded as a theoretical pathology in the context of liquid helium, where particle interactions cannot be ignored. However, it has dramatic consequences for the Bose-Einstein transition in a very dilute gas, where the constraint on particle number is more significant than interparticle interactions. Fixing N induces correlations between the level occupancies that would otherwise vanish in the absence of those interactions. The
Bose-Einstein transition involves large fluctuations in the ground state occupation, which are significantly smaller with fixed total N than in the presence of a particle reservoir. The choice of an isotropic, harmonic potential makes the energy counting particularly simple.
More generally, there is no reason these phenomenon should not occur for any trapping potential.
Based on these considerations, the onset of substantial ground state occupation and macroscopic quantum coherence in trapped atom experiments at low densities is considerably smoother than given by modeling it as a 1/N correction to a phase transition, and it occurs at lower T or E. Calculations that refer to the trapped ensemble as a whole (as opposed to densities well within a huge trap) using chemical potential as a calculational tool are likely to be substantially inaccurate.
It is of both experimental and theoretical interest to investigate where the Bose-Einstein phase transition critical surface for fixed N and E systems ends if it does not extend, as suggested by these considerations, to zero interparticle coupling. In practice, the interparticle interaction strength may be difficult to adjust. However, it would be possible to probe the same physics by studying ranges of particle and energy densities. 
